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Introduction
Suppose (M; g) is a Riemannian manifold. One fundamental piece of data determined by g is the restricted holonomy group Hol. If we assume that Hol acts irreducibly on TM, which is the case if M is complete and irreducible, then the main classi cation theorem implies that either (M; g) is locally isometric to a symmetric space K= Hol or Hol is one of SO(n), U(n), SU(n), Sp(n), Sp(n) Sp(1), G 2 or Spin(7) (see 3] ). Studying the geometries determined by these holonomy groups one nds that if M 6 = SO(n) or U(n), then g is automatically Einstein.
This may be restated as follows. Theorem 1.1. Suppose G is a proper connected subgroup of SO(n) that acts irreducibly on R n and if n is even suppose that G 6 = U(n=2).
Let (M; g) be an n-dimensional Riemannian manifold with structure group G. If M admits a torsion-free G-connection then g is Einstein.
A natural question is:
Are there weaker conditions than the existence of a torsion-free connection that imply useful restrictions on the curvature? In 1971, Gray 9] provided one such notion which he called weak holonomy . He studied this idea for the groups G that act transitively on the sphere. For the groups SO(n), Sp(n), Sp(n) U(1), Sp(n) Sp (1) and Spin(7), the weak holonomy condition implies that the holonomy group reduces and we obtain no new geometries. However, for U(n), SU(n) and G 2 Gray found that the weak holonomy condition does give Group Geometry U(n), SU(n) Nearly K hler, i.e., (r X J)(X) = As far as I know Gray's condition has not been studied for other Gstructures. This may be because his de nition is not particularly easy to work with. More in the spirit of Gray's other work would be to look for G-structures which admit a connection whose torsion is`simple'. This is the approach I wish to take.
Torsion and Curvature
Fix a closed connected Lie subgroup G of SO(n). Suppose that M is an n-dimensional manifold with a reduction of its structure group to G. Let The simplest case is when the representation W is trivial. This occurs precisely when is invariant under the action of G.
De nition 2.4. We say that the M is a Riemannian manifold with invariant torsion if the structure group of M reduces to a proper subgroup G of SO(n) and the torsion of the natural metric connection for this G-structure is invariant under the action of G. ]. For the dimensions of these two representations to be equal we have to have n = 3. However, even in that case the centre of U(3) acts on these two representations with di erent weights. We therefore conclude that there is a trivial summand only with respect to the action of SU(3).
So we must take G = SU(3) and V = Berger two necessary conditions for g to be a holonomy algebra, if G acts irreducibly on R n . The rst is that K(h) should be strictly smaller than K(g) for any proper subalgebra h of g. This may be rephrased as g = g. The second criteria comes from consideration of the possible covariant derivatives of curvature tensors. It turns out that this second condition merely distinguishes holonomy groups which can only occur for symmetric spaces from the others. The work on existence of metrics with non-symmetric holonomies now implies that each algebra satisfying Berger's rst criterion is the holonomy algebra of some torsion-free connection. We may thus calculate the space K(g) by considering all ideals of g and comparing them with holonomy representations.
Corollary 4.4. Suppose G is a proper subgroup of SO(n) acting irreducibly on V = R n . Then K(g) consists only of Einstein tensors unless n is even and g = u(n=2).
Proof. If G is simple then either g is a holonomy algebra or g = f0g
and there is nothing to prove.
Suppose G is not simple and that f0g 6 = g 6 = g. If g acts irreducibly on V then the only possibility we have to rule out is g = u(n=2), if n is even. However u(n=2) is maximal in so(n), and so the fact that the containments g < g < so(n) are strict, rule out this case.
If the representation of h 1 := g on V is reducible then g = h 1 h 2 . Depending on the type of the representation V , we may decompose V C as a sum of 1, 2 or 4 tensor products of irreducible h i -modules over C . If h i is not Abelian, we nd that V is the isotropy representation of a Grassmann symmetric space. The space of curvature tensors for such representations are known and the condition g = h 1 can not be satis ed. If one h i is Abelian, then a direct calculation shows that there are no non-trivial curvature tensors with values in h 1 .
We now return to condition (a) of Theorem 2.3. When W is a trivial representation and V is irreducible, (a) is equivalent to S Theorem 4.7. Let (M; g) be a Riemannian manifold with structure group G acting irreducibly and for which the natural torsion is invariant and totally-skew. Suppose that the structure group is not SO(n) or U(n=2). Then g is Einstein.
In certain cases we can show uniqueness of the Einstein metric. ). The last bracket takes values in g 2 su(2) and there is no particular reason for it to vanish. Thus, if g 2 is invariant, this will not imply that su (2) is. However, the converse is true, and the SU(2)-structure on M 7 is also a metric of weak holonomy G 2 .
Giving this result it is therefore interesting to nd representations V of G for which the dimension of ( algebra not equal to su (2) or sp (2) then the isotropy irreducible space SO(dimG) G has at each point a two-dimensional family of invariant three-forms if G is not of type A n , n > 3, and a four-dimensional family in these remaining cases. There therefore appears to be a second natural threeform for these representations and it would be interesting to determine that and to see whether non-homogeneous Einstein structures can be constructed.
